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inequality for the Ricci flow * 
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1 Introduction 


In [jHj, Richard Hamilton proved a matrix Harnack inequality for the Ricci 
flow, a consequence of which is the following trace Harnack inequality 
Theorem A (Hamilton). If ( M,g ) is a complete solution to the Ricci 
flow 

= ~2Rij ( 1 - 1 ) 

with nonnegative curvature operator and bounded curvature, then for any 
1-form V 

d R 

—R + j + 2VR • V + 2R ij V i V j > 0. (1.2) 

In particular , taking V = 0, we have 

This trace inequality turns out to be a special case of the following linear 
Harnack inequality, which was later proved by the first author and Hamilton 

El- 

Theorem B. Under the same hypotheses as Theorem A, if h is a nonneg¬ 
ative symmetric 2-tensor satisfying 

Q 

_ fjf hp — A ll jj 2Rpijqhpq Riqhjq Rjqhjq. (1.3) 
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where the Laplacian and curvature are with respect to the metric evolving 
under the Ricci flow, then 


Z := div(div( h)) + Rc ■ h + 2 div(h) ■ V + hjjV l V J + — > 0, (1.4) 

where H = g l3 hij. In particular, taking h = Rc, we obtain Theorem A as a 
special case. 

On the other hand, in [CC], the authors showed that Hamilton’s matrix 
Harnack quadratic for the Ricci flow is actually the Riemann curvature 
tensor of a connection on the space-time manifold M x [0, T ) compatible 
with a degenerate metric on space-time. In particular, recall the space-time 
metric and connection defined in [CC|. The degenerate metric g on the 
cotangent bundle T*M is defined by 


f 9 lJ if hj > 1 

\ 0 if i = 0 or j = 0. 


Associated to this metric is the space-time connection V defined by 

' It- 

0 if k = 0 and i, j > 0 
—R-l if i = 0 and j, k > 1 
„ — if i = j = 0 and k > 1. 

This connection is compatible with the metric in the usual sense that 

Vs = 0. 


Moreover, it has the special property that 


= -g kl (yiRji + VjRa - ViRij), 

which is formally the same equation as that satisfied by the Levi-Civita 
connection V of the metric g evolving under the Ricci flow. In | CC ] it was 
shown that the Riemann curvature tensor of the connection V is the same 
as Hamilton’s matrix Harnack quadratic. Similarly, the Ricci tensor of the 
V is the same as the trace Harnack quadratic. 

Theorem C. Given a 1-form Wi and a 2-form Uij, let 


Q = 


ij ^S7 i\7 jR + 2Rkij[Rki RfhRhj 


WiWj - 2(\7iRjk - V jRik)UijWk 


Rij kl Rij Rl k 
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denote Hamilton’s Harnack quadratic. We have 


Q = ~9 ip R l P j^T l k , 


where 


T J = 

l 


ul 

Wi 

0 


if i,j > 1 

if j = 0 
if i = 0. 


In this paper, we shall show that one can approach the linear trace 
Harnack inequality from this point of view. In section 2, we observe that the 
linear trace Harnack quadratic Z given by ( 0 ) is equivalent to h, the natural 
extension to space-time of the symmetric 2-tensor h given by (|1.3|). We 


then recall the space-time formulation in [CC| and show that the equation 


for Z (i.e., h ) derived in [CH] is the heat equation, using the Lichnerowicz 
Laplacian, in the space-time formulation. That is, the evolution equation for 
h is the exact space-time analogue of the evolution equation for h. In section 
3, we generalize the results of ||CC|| to the case of the Ricci flow modified by an 
arbitrary one-parameter family of diffeomorphism. In particular we define a 
suitable space-time connection and show that it satisfies the modified Ricci 
flow for degenerate metrics. The space-time formulation needs to be done in 
this generality in order to linearize the Ricci flow using DeTurck’s trick. In 
section 4, we linearize the Ricci flow by considering a one-parameter family 
of Ricci flows modified by DeTurck’s trick in the variation direction. We 


show that the variation of the metric satisfies (1.3) and the variation of 
the space-time connection satisfies formally the same equation as the Levi- 
Civita connection of the space metric, where h and V are replaced by h 
and V. Both of these equations rely on using DeTurck’s trick. In section 
5, we extend DeTurck’s trick to the space-time connection and show that 
the variation of the modified space-time Ricci tensor is given by the space- 
time Lichnerowicz Laplacian of h. This supports the viewpoint that h is the 
variation of the pair (g,V). Finally, in section 6, we show how the tensor 
h and its evolution arises from taking the limit of Riemannian metrics on 
space-time. 


2 The linear trace Harnack inequality 

In this section we recall the computations in [|CH| for the evolution of the 
linear trace Harnack quadratic 

Z = div(div(h)) + Rc ■ h + 2div(h) •V + KjVW j , (2.1) 
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and interpret them in terms of the connection and curvature tensor on space- 
time defined in [CC]. In sections 3 and 4, we shall explain why this inter¬ 
pretation holds. 

From the computations in section 6 of [CH], we have 

Lemma 2.1 Under the Ricci flow (0) and equation 0 ) for h, 
d 


dt 


dl'V (/ 1 j/ — \div(ll)i 2hpg\/%-Rpq 2 hpq V pR ql 


-\~ ^Rpq^phqi Rqidiv{fl)q 


d 

— [div(div(h)) + Rc ■ h\ = A [div{div{h)) + Rc ■ h] + 4 RijVj ( div{h)i 


+ : 


2 hpq ( A R va „V v V a R + ‘ZRmiaRii 




L pq 


pv q-L 


p i jq ij 


We now interpret these computations in terms of the space-time formal¬ 
ism for the Ricci flow. Let M = M x [0, T ) be the space-time manifold. 
Define a symmetric 2-tensor on M 


n 

h = ^2 hijdx 1 (g) dx^ 
i,j =0 


by 


{ hij if i,j>l 
div{h)j if i = 0 

div(div(h )) + Rc ■ h if i = j = 0. 


where {cc*}f =1 are local coordinates on M and x° = t is the time coordinate. 
We may now rewrite the linear trace Harnack quadratic ([2.1D as 


^ = E 

i,j=0 


where V = V ® -§j- The conclusion of Theorem B may now be restated as 


n 

E bijtyv 3 + Y / 3 ) > 


i,j =0 


for any space-time vector field V = V ® R 0 ^-. 

Using the space-time connection, we can state the following special prop¬ 
erty of the symmetric 2-tensor h. 
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Lemma 2.2 For all 0 < i < n, we have 

hio = gi k V jhki- ( 2 . 2 ) 

Proof. We only verify the case i = 0; the other case where * > 1 is even 
easier. Using the definitions of V and h, we compute 

~g jk vfh k o = V,'///•(/;);.. - 

= div(div(h )) + g^ k R p h kp 
= /loo- 


Remark. Formula ( [2 . 2| ) is analogous to the formulas 

R\ j o = ~9 pq V P R\ jq 

for i, j, l > 0, and 

R i0 = g jk VjR k i 

for i > 0, which were proved in [ pC|| . One may consider these formulas 
as defining the extension of a space tensor to the corresponding space-time 
tensor. In particular, we could have used Lemma |2.2| to define h extending 
h. 

The starting point for the space-time approach to the linear trace Har- 
nack inequality is the following observation. 


Proposition 2.3 Under the Ricci flow, if hij satisfies 


d_ 

dt 


,, . hij — A hij T 2 Rpijqhpq Riqhjq Rjqhiq, 


then the associated space-time symmetric 2-tensor h^ satisfies 

Vq hij = Ahij + 2 hpqRFj, 


(2.3) 


(2.4) 


or equivalently, 

= A.h{j + 2h pq R pi - Riqhjq Rjqhiq, (2.5) 

for all i,j > 0, where A = o^VjV,- and Rl,, is the Riemann curvature 

J pij 

(3,l)-tensor o/V. 
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Proof. When i,j > 1, equation (2.4) follows from (2.3) and the formula 


V o h-ij — do hjj r 0) h p j r , ;n h 


jQ’Hp 

qVu . 


d 

= + R^h v j + R p hi V . 


For i> 1 and j = 0, (2.4) follows from Lemma |2.1| , (i) and the equations 

^ oho i — dohoi r 00 V I 'oj ^ Op 

3 1 

= —div{h)i + -\7 p Rh pi + R p div(h) p , 


n 

A^oi — ^ ^ V p V [Jug 
p =i 

= Vp [Vpdzu(/t)j + 

= A div(li)i + ^ V p Rh pi + 2 R pq \7 p h qi , 


and 


R q p0i = yiR q v -y q Rpi 


(see (CCj, Theorem 2.2, (B4) for the last equation.) Finally, for i = j = 0, 
equation (E(4|) follows from combining Lemma |2.1|, (ii) with 


. ~ Q 

Vohoo = -q^ [div(div(h)) + Rc ■ h] + W P R ■ div(h) p 

n 

Ahoo = ^2 VpVpLoo 
p= i 

= Vp [Vp(diu(dzu(/i)) + i?c • h ) + 2i?^diu(/i) g ] - 2f^ 0 Vp/iqo 
= A [diu(du>(/i)) + Rc ■ h] + 4 R pq S7 p div{h) q + 2 R pr R rq h pq + \7 p Rdiv(h) p 


and 


R% — ^ Rva „V D V 0 i? + 2R V ij 0 Rij R vr R 


L pq 


' pv q 


pijq 


Lpr 11 rq 


(see [CC], Theorem 2.2, (B5) for the last equation.) The proof of the propo¬ 
sition is complete. 
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3 Space-time formulation of the modified Ricci 
flow 


In this section we extend the results of ||CCf to the case of the Ricci flow mod¬ 
ified by an arbitrary one-parameter family of diffeomorphisms. The space- 
time formulation needs to be done in this generality in order to linearize the 
Ricci flow using DeTurck’s trick (see [Q.) We consider the equation 

-Q^dij = —2Rij + Vjtj + Vjtj, (3-1) 

where V = V(t) is an arbitrary one-parameter family of 1-forms. Recall 
that M = M x [0, T) and the space-time metric g on the cotangent bundle 
T*M is the degenerate metric given by 


f 9 lJ if i,j > 1 

\ (1 if % = (1 or j = 0, 


(3.2) 


where x° = t is the time coordinate. We now define the space-time connec¬ 
tion V by 

(a) f* =r* ifz,j, k>l 

(b) T°.= 0 if £,j > 0 

(c) f* = -R k l +ViV k if i,k> 1 

(d) fg 0 = -iV fc (R + \V\ 2 ) + g k P-§- t V p if k > 1. 

This definition, which agrees with the definition given in section 1 when 
V = 0, is natural for the following reasons. First, V is compatible with the 
metric g 

V* ~g jk = ^-~g jk + t\ p ~g pk + T k p ~g jp = 0 

for all i,j, k > 0. 

Second, let 

jy ~ ft.ri — f) v l j. r p r* _ Fp r l 

1X1 ijk jk ik ' L jk L ip 1 ik L jp 

and Rjk = R P p jk denote the Riemann curvature and Ricci tensors of the 
space-time connection V. Furthermore, extend the 1-form V to space-time 
arbitrarily 

V = V + h ■ dt 

(h is an arbitrary function,) i.e., Vq = h. We then have 
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Theorem 3.1 If g satisfies the modified Ricci flow (3.1), then the space- 
time metric and connection satisfy the system 


■§~/ j = g ik g jl (2R kl -V k V l -V l V k ) (3.3) 

= -ViCRj - - ^V k Vj) - VflR k - ^iV k - ^V k Vi) 

+V k (Rij ~ \ViVj - (3.4) 

Remark. In ||CC| we proved this result when V = df is an exact 1-form 
and Vo = -§jf ■ There we conjectured that the result would hold when V is 
an closed 1-form whose cohomology class is independent of time and where 
JjjV = cIVq. It turns out, as the theorem says, we do not need to make any 
assumption on V and Vo may be taken arbitrarily. 

The proof of the theorem relies on the following computations. 


Lemma 3.2 


Rjo - 2 “ 2 ^°^ = 

Roo — Vo Vo = 


+ \V \ 2 -h)- \^Vj 

\§i iR + ' V '- 2h) 


We first show that the lemma implies the theorem. 

Proof of Theorem 3.1. Using (3d) and ( |3.2D , it is easy to see that 
holds for all i , j > 0. As for ( |3.4|) , the only nontrivial cases are 
Case 1: j = 0 and i, k > 1 
Case 2: i.j = 0 and k > 1. 

For case 1, we compute 

= £<-*? + *?*). 


(3.5) 

(3.6) 

I) 
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On the other hand, the RHS of ( |3.4|) is given by 
RHS1 = -ViCRg - \v 0 V k - ^V fc Vb) - Vo (R k - UjiV k - U/ k Vi) 
+ V fe (R i0 -^V i Vb-^V 0 V-) 


= V* 


^ k ( R + \ V \ 2 - h )\ - l9 kp §-v P ) + rf 0 ( r p ~ \^P yk ~ \^ kv p) 


- §- t (R k - ^i yk - l -V k V t ) + r p 0 i (R k - \v p v k -\v k v p ) 


- t k p (R p - ^\/ t V p - ivns) + v fc f |iy,(R + lR| 2 -~^ 


-I Ay. 

2dt 1 


-^ffo^p-iViKp-^VpVi), 


where we used Lemma [3.2| , and the boxed terms cancel. Combining terms 
and using definition (c) for T^, we obtain 


RHS1 = \j~t i9kPVlVp) - V 2Rkp ~ WkVp - + \a kp {^l)v q 

-\§i^ ky i) + \( 2R kP - V fc R P - VpV^VpVi - i/P(A r ^)y Q 

- ^- t {R k - ^ViR fc - + (-R p + V 4 R p )(2R fcp - V fc R p - V p R fc ) 

— (—2 Rk p + V kVp + V p Vfc)(i?i P — — Vjfp — — V P V)) 


since all of the rest of the terms cancel. This verifies (3.4) in case 1. 
For case 2, we compute 


£ f »=AA (fl+|F|2 )+^4 

The RHS of ( |3.4| ) is given by 

RHS2 = -2V 0 (Rg - U/ 0 V k - \v k V G ) + V fc (Roo - V 0 R 0 ) 

= ( V " (jR + l^l 2 - ^ + 2fgo(iJ{ - \^ p V k - \v k V p ) 

- 2f k 0p (R p - - \v*V Q ) + iv fc (J- t (R + \V\ 2 - 2 h)^j 

-g kl r p 0 (2R 0p -V 0 V p -V p V 0 ). 
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Combining terms yields 


RHS2 


d_ 

dt 


-lV*(R+\V\ 2 )+g k r-§- t V Pl 
— ^(2 Rkp — V k.Vp — VpI4)Vp(i? + |1 


2 h) 


+ 

-( 
_ d_ 
dt 


lVP(R+\V\ 2 ) + g ™-§- t V q 

2 Rkp + VfcVp + V p 14 )(Vp 


(2 Rk P ~ 

(R + \v\ 


2 


VfcVp VpVfc) 

- ft) - £r„) 


+ |r| 2 ) + g kp -§iV p 


— JLtp 
~ ai 1 oo> 


which proves case 2 of fl3.4|), and hence the theorem. 
We now return to the 

Proof of Lemma |3.2| First we compute 


f>l _ flfl 1 fP fi _ fP pi 

WjO — U 'I L j 0 F? 1 iO w 1 jo 1 ip L iO 1 jp 

= + VjV 1 ) - Vji-Ri + ViV 1 ) 

= —ViR l j + Vji2| + R\ jp V p . 


Tracing implies 

R j o = R q qj0 = lv j R + R jP V p , 

where we used the contracted second Bianchi identity. 

We also compute 

Vj Vo + v„g = Vjh - t%v p + £-Vj - %v r 

= Vjh + JLvi + 2R*V r - V, |F| 2 . 
Combining the two equations above, 

Rjo - \VjV 0 - ±VoVj = -V.,R -\v 3 h - + -V, |C| 2 , 

which is equivalent to formula 1. 

Second, we compute 


i ?00 = R p p 00 = <9 P fg 0 - dot % + f g 0 f* - fl 0 r p 0q 

= ~A(R + |P| 2 ) + V P (j-V p ) ~§- t (~R + V%) 
- (-R^ p + V p V q )(-RP q + V q V p ) 

= R + §- f R + R Pq V p V q - \Rc\ 2 , 
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where to obtain the last equality we used the formula 
"^(V*%) = -V P (j-V P ) - (2 R pq - V p V q - V q V p )V p V q + g Pi(-^T r pq )V r . 
We also compute 

v 0 i > 0 = §- t h-r p 00 v P 

= Yt h + l v ” {R + |F|2)v i “ srq -ft v « ' v - 
= l- h + 1 -^R-v r - 1 -§- t \ v f + R T , v ^, 

where to obtain the last equality we used 

-S m §-V, ■ V p = |Vf + (R vq - y r V,)VV-. 

Combining the two equations above yields 

which is the same as formula 2. The proof of the lemma is complete. 


4 Linearizing the Ricci flow and the space-time 
connection 


In this section, we linearize the Ricci flow. In doing so, we must be careful 
to apply DeTurck’s trick (see JCJ) of modifying by a Lie derivative of the 
metric term (action of an infinitesimal diffeomorphism on the metric) in the 
variation direction only. We then have the following properties relevant to 
the linear trace Harnack inequality. The variation of the metric satisfies 
(0) (see Lemma |4.1|, (ii) below.) The equation for the variation of the 


space-time Christoffel symbols T") (defined in the last section) is formally 
the same as the equation for the variation of the Levi-Civita connection, 
where g, V, and h are replaced by g, V, and h (see Theorem 4.2 below.) In 
the next section, using this setup, we explain why the linear trace Harnack 
quadratic has such a nice evolution equation. 

Let gij(t ) be a solution to the Ricci flow 


q 19ij ~ 2R ij 

9ij(ty = ( 9o)ij 
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and hij(t) be a solution to 

d_ 

dt 

hij(0) = ( ho)ij. 


hij — A/),J -)- 2 Rpijqhpq RiqHjq Rjqhiq , 


(4.1) 


The tensors h(t) may be considered as the variation of the metrics g(t) by 
a family of solutions to the modified Ricci flow. In particular, consider a 
2-paranreter family of metrics gij(t,s) such that 


d_ 

dt 


gij(t, s ) — (—2 Rij + VjWj + S7jWi)(t, s ) 

0(0,0) = 50, 


where 


w k (t,s) = <^(t, s )(r£.(t, s ) -r£.(t,o)) (4.2) 


(here T^(t, s) denote the Christoffel symbols of the metric gij(t,s),) and 

d 

7^0ij(O,O) = ( ho)ij . 

Lemma 4.1 

(i) 5*j(t,0) = gij(t ) 

(ii) hij(t,0) = ^gij(t, 0). 

PROOF, (i). This follows from the fact IT fc (t, 0) = 0, 5(0,0) = go , and the 
uniqueness of solutions to the Ricci flow. 

(ii). We compute 

= ^(-2 Rij + ViW,- + 0) 

9 Odd 

“1“ ' ~Q~^9kl Rik ’ ~Q~^9kj Rjk ' ~Q~^9ki (^j 0)* 

Since both -§^gij{t, 0) and hij(t ) satisfy the same equation (4.1) and -§-^gij{ 0, 0) = 
hjj (0), by the uniqueness of solutions to (4.1) with given initial condition, 
we have 

d 


ds 


9ij(t, 0) — hij(t ), 
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and the lemma is proved. 

Since the family {g(t, s)}te[o,T) f° r s fixed is a solution to the modified 
Ricci flow, we may associate to it the degenerate metric g(t, s) and connec¬ 
tion V(t, s) on space-time M x [0, T) x {t} defined in section 3, 


= rj- if *, j. A: > 1 
f°- = 0 if i,j > 0 
f * = +Viiy fc if z, fc > 1 
f g 0 = + |VF| 2 ) + if k > 1, 


where W is given by (4.2). 

The tensor h may be considered as the variation of the pair (g, V) in the 
following sense. 


Theorem 4.2 The space-time metric g and connection V satisfy 

^-~g ij = -g ik g jl h k i 
os 

and 

ij = + vfhu - vJhj) 

at any point in M x [0, T) x {0}. 


Proof. The variation of the metric is obvious, so we consider the variation 
of the connection. When i, j. k > 1, this follows from jp^gij = hij and the 
standard formula 


^ r s=i/'(v4® 1 ) + v,4 9 ., ) -v4 9y) 

For j = 0 and i, k > 1, we compute 


d 


d 


~~ L i0 ~ — 


ds 


ds 


g kp (-R ip + VjWp 


Q Q 

= h^pRip — Rik ~t~ V j(— IFfc), 
os OS 

where we use the fact that W(t, 0) = 0. 

Now at any point in M x [0, T) x {0}, we have 

T. Wk = g JL wr = gtrg vf . r , 

~^9 ^ {^ihjk T Vj/ljfc \7khij) 


(4.3) 


= div(h) k - -Vfc-ff. 


13 





We also compute 

Q 1 

Tj Rjfc — 7T (VqV^/j> + VgVfc/ljg A/ljfc VjV/j-ff) 

as 2 

— — Vjdiu(/i)fc + — \7 k div(h )j Rqikphpq d - ^Riph k p d - ~^Ft kp hi p 

— -A/ijfc — VjVfciJ. 

Combining all of the above equations, we find that 

T^fjQ — ~ V i (Ziu ( /l) ^ —'V k div(h)i + -Ahik-\- Rpikqhpq + —Riphpk — Rkphpi■ 

Next we compute 
7}9 kl (yihoi + Vohji - V;h*o) 

1 3 ~ ~ ~ 

— ^ i-io^pfe rSiV — ^7 kdiv(h)i + r^/iip] 


1, 


+ Ahifc H - ^lipifcqhpq + Riphpfo Rkphpi] 

V 

~a7 

Finally, for i = j = 0 and fc > 1 we compute 


ds 


r K oo = lh kp V p R-l-V k 


d_ 

ds" 


R)+g 


kp 


d ( d 


ds \ dt 


-W r 


P I 5 


where we used 4F(f, 0) = 0 and -§^W(t, 0) = 0. 

Since 

-^-R = div(div(h)) — AH — Rc • h 

ds 


and 


we have 


a 


d_( d 
ds 

1 


(1^)= l (■ l w 0= 


i. 


5 


(4.4) 


0 s r °° = 2 hkp ^ pR ~2^ k \- div ( div ( h )) ~ AH ~ Rc ' h ]+-g^( div ( h )k--^kH). 


Now from (|4.1|), we compute 

d_ 

dt 


H = AH + 2Rc- h, 


(4.5) 
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which implies 


5-11 d 

7^00 = 2 hkpS7pR ~ 2 Vk l div ( div ( h )) + Rc • h\ + -^{div(h)) k . 

On the other hand, we compute 

-^9 kl iy^oi + Vo^o i — Wioo) 

(9 ~ ~ ~ l ~ _ 

= — (dw(%) r 00 V -Vfc [c?if((ii'u(/i)) + i?c • /i] + r^g/iop 

<9 11 

= —( div(h ) k ) + -V p Rh pk - -V fc [diu(diu(/i)) + -Rc • /i] 

“ ^ r °°- 

The proof of the lemma is complete. 

5 Linear trace Harnack quadratic and linearizing 
the space-time Ricci tensor 

In this section we linearize the space-time Ricci tensor Rij, given a solution 
to the Ricci flow 

<9 

= _ ^-Rij, 

and then consider the evolution equation for the linear trace Harnack quadratic 
from this point of view. We consider the same 2-parameter family of metrics 
{g(t,s)} as before. Again, we use DeTurck’s trick (now in space-time) and 
add a Lie derivative of the metric term to the Ricci tensor and consider 


—2 Rij + V Wj + V j Wi. 

Clearly, we want W to be an extension of W: 

W k (t,s) = W k (t, s) = g^{t, s)(T k j(t, s) — T k j(t, 0)), 


for k > 1. 

The key is to define Wo suitably, unlike in Theorem |3.l| for Vo, we cannot 
prescribe Wo arbitrarily. The right definition is to let 

n 

w 0 = ^ V p Wp, 

p= 1 
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or equivalently [] 


We then have 


Wq = ~g pq V p W q . 


(5.1) 


Theorem 5.1 On M x [0, T) x {0} 
d 


d! 


— 2 Iljj + VjVFj + V jWi) — Ahij + “ZRpijhpq — Riqhjq — Rjqhiq. 


Proof. We first compute 
—Ri j - V p {—f p tj ) - V*(—fP) 

— -Vp(Vj/ij p T V jhip V p hij ) -WiiVphjp + X/y hpp ^phpj') 

— 2 ^hij Rpijhpq T l^Riqhjq T 2 Rjqhiq T phjp T “VjV phip 

~ 2 ^i^jhpp- 

Hence the theorem will follow from showing that 

9 ~ ~ ~ 1 ~ - 

—Wj = \7phjp — - Vjhpp, 

for j > 0. For j > 1, this is true by equation (4.3). For j = 0, this follows 
from the computation 


O A -i 

W 0 = V p (4-W p ) = div(div(h )) - -AFT 
os Os 2 

— Vpho p oh pp , 

where we used definition (|5J|), IF = 0 on M x [0, T) x {0}, and 
theorem is proved. 


(5.2) 


The 


This theorem together with Lemma |2.1| , says that 

d d 

-Qfh'ij = ^L^ij = t^(—2 Rij + V iW j + Vj Wi), 


(5.3) 


Ht is perhaps natural to propose that all covariant space tensors be extended this way. 
In particular, extending the Riemann curvature and Ricci tensors of g this way yield the 
Riemann curvature and Ricci tensors of the space-time connection V. In addition, the 
extension of h to h is given in exactly this way. 
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where by definition, 


^L^ij — A/ljj “I - ‘^‘-Rpijh'pq Riqhjq Rjqhiq. 


This formula further confirms that h should be thought of as the variation 
of the pair (<?,V). It also agrees with the equation obtained by comparing 
the mixed partial derivatives of the space-time connection in the time and 
variation direction. In particular, first recall that 


d 


1 


-Vt^-riyihql + V^-VlK,). 

Taking k > 1, we compute (omitting details:) 

j'jf'jj) = /* ' Rfd{^ihji + V jhn — Vihij) + 'y ] (yjRj P + V jRi P — pRij)hpk 
i >1 p>i 


(5.4) 


1 

+ 2 


~ d ~ d ~ d ~ 


Next, we compute the same quantity, except that we switch the order of the 
partial derivatives. We have (again omitting the details of the computation:) 

d d 

ij') = ^ y hki^ViRji + V jRu — X7 1 Rij) + ] (V jhjp + V jhi p — Vphjj)i?pfc 

p> l 


;>i 


+ 


(5.5) 


where 


^i^jk T V jSn~ V k&ij 


d 


ds 


Sij — — ( —2 Rij + iWj + Vj-ITj) — A Lhii- 






Comparing (|5.4|) and (jTJ), we obtain 

~ Q ~ - ~ <9 ~ _ Q _ 

T?(t ~Sjp ) T Vj,(—hjfc Sik) V k{~gjhij S 1 ^) — 0, 


(5.6) 


for all z, j > 0 and k > 1. This agrees with (5A); note however, ( |5.6D doesn’t 
imply ([2.5|). To further understand the interpretation of h as a variation of 
(g, V), we consider the approximation approach of the next section. 
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6 An approximation approach 


In [CC|, the authors showed that there is a family of Riemannian metrics 
g on M = M x [0, T) such that g _1 limits to the degenerate metric g on 
T*M and the Levi-Civita connection F- limits to the space-time connection 


f£. Here, we adopt this approach to show that, corresponding to the 2- 
parameter family of metrics {g'(Ls)} defined in section 4, there is a family 
of Riemannian metrics 'g, parametrized by s and a sufficiently large number 
N, on M which satisfy the above properties, and also the additional property 
that the variation in the s direction of each metric g in the family is the linear 
trace Harnack quantity h. Furthermore, we derive the evolution equation for 
h again using these approximate metrics. 

In general, given a solution g(t ) to the modified Ricci ffow 


d_ 

dt 9ij 


—2Rij + 'ViVj + 'VjVi, 


and a function / : Mx [0, T) —> M, define the Riemannian metric g (parametrized 
by large numbers N ) on M = M x [0, T) by 


Qij — 9ij if F j ^ 1 

rn = Vi + Vi/ if i > 1 

g 00 = R+\V\ 2 + 2% + N, 

where N is a sufficiently large positive real number to make g positive- 
definite. Fj Clearly 

lim g- 1 = g. 

N^OO 

We shall show that for any function /, the Levi-Civita connections of this 
family of Riemannian metrics converge (as N —> oo) to the space-time con¬ 
nection rj.. We then apply this to the 2-paranreter family of metrics defined 
in section 4. First recall that if I denotes the n x n identity matrix, X is a 
column n- vector, and b is real number greater than |X| 2 , then 


I X 
X T b 


-1 


T | xx T 
1 


b—\X\ 


b-\X\ 

IXix 2 


rX 


2 Conan Leung pointed out to us that this construction of a family of positive-definite 
metrics (together with their Levi-Civita connections) limiting to a metric which is infinite 
in certain directions is similar to a construction in work of Bismut ]^]. 
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Hence the inverse of the metric 'g is given by 


(F i +V7)(^'+VJ/) 
/?+2(|f-<V/,y»-|V/| 2 +7V 


if i,j > 1 


gij = g'j + 

9 ~ ~ i?+ 2 (|t-{v/,y>)-|v/| 2 +iv + v lf z — 1 

^00 _ _1_ 

y /?+2(|f-(v/,y))-|v/| 2 +Af‘ 

Using the standard formula 

1 n 

» + d & 1 ~ dl 9ij) > 


•p/c _ 

1 b - 2 


1=0 


we compute that the Christoffel symbols are given by (the details of the 
proof are omitted:) 


Lemma 6.1 For i,j,k > 1, we have 

1 


Y'k _ _ 


■ *7 




V k + V 1 


f) (Rij + ViVj/) 


l? + 2(f-(V/,U)) -\Vf\ 2 + N 

( V k + V fc /) (^i R + V l Ra + Vif - V l f (-R u + V*V))) 


r£> = -R^ + ViV k - 


rgo = 9 kl l i v l -\v k {R + |U| 2 


i? + 2(f-(V/,U)) -|V/| 2 + iV 


(V k + V k f) 

iEr-ir'v^ + if + T"j,iKiW ’ 

/ / „ \ \ / n »\ 

R + 2(%-(Vf 1 V))-\Vf\ 2 + N 

. -V'/(|Vi-i9,(fi+|V'| 2 ))+|(f) 


r u - = 

IJ 


r u 

1 iO — 


fo 

1 00 


(i?ij + ViVj/) 


i? + 2(f -<V/,U>) -\Vf\ 2 + N 

+ Er=i + Er=i v7 - ViU) + 


R + 2[% -<V/,U>) -|V/| 2 + 1V 

(i EILi + \f t R + RijViVj - Vf (I (U + V,/) - i v, (r + |vf 


+ 2 


i? + 2 


(f-(V/,U))-|V/| 2 + lV 


It follows that 
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Lemma 6.2 For N sufficiently large 


r = g lJ + o(- 


■ l] 


= v k + o — 


R 


ijk 


— R l ijk + o (— 


N 


for all i,j, k > 0. In particular, 


lim g 13 
N^oo 

II 

<2; 

lim f £■ 

Af^oo 3 

_ -p/c 

— 1 ij 

lim n!j nk 
N—>oo l3k 

■Oi 

‘■fif 

II 


Now let {g'(Ls)} denote the 2-parameter family of metrics defined in 
section 4, which satisfy the modified Ricci flow in the t direction 

= + VjhR/ + S7 jWi, 


where W is defined by (4.2). Furthermore, take 

, _1 det g(t, s) dV{t,s) 

J 2 ° g det g(t, 0) “ ° g dV(t, 0) ’ 


so that 


9ij 
9i0 

9oo 

In addition to the properties of Lemma |6.2| , we now have that the variation 
of g is the linear trace Harnack quantity h 

Lemma 6.3 For i,j > 0, 

Q^9ij — n ij- 


— 9ij 


+ N. 
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Proof. We have for i,j > 1, by definition 


d 


d 


d s 9ij — g 9ij — — hg. 


For i > 1, we compute using equation 


that 


d ^ dWi I TT ~ 

—9io = - 77 — + = div(h)i = h i0 , 


ds^ 


ds 


and using equations (4 .4) and (^5) that 

d ^ dR dH ~ 

■7^900 = ~gj + -gf = dw \ dw \ h >) + Rc ' h = h oo- 

We also have, to first order in s, that the time-derivative of g is the 
modified space-time Ricci tensor. 


Lemma 6.4 


where 


~gj9ij — ~ 2 Itjj + VjWj + VjWi + o(s), 


d_ 

ds 


o{s) = 0 . 


s =o 


Using Theorem 5.1 and Lemmas |6.3| and 6.4, we can give the following 


alternate proof of Lemma |2.1| (or equivalently Proposition |2.3| .) On M x 
[0, T) x {0} 


d 


d 2 


dt ^ dtds 


9ij — 


d 2 


d 


dsdt '^‘ 3 ds 


s=0 


-2 Rij + ViW.j + ViWi) = A T h. 


i ,v 3 


3 


A L ll V 
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